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Academia

o Tortilla-tortilla constraint (i, j, k, [): Creases eij, ex overlap, so there are points
p €eijandq € ey with f(p) = f(g).Let P’ C P and Q' C P be the 2D circles
centered on p and g, respectively, with radii ¢ chosen sufficiently small such that
P'CF;UF;Uejand Q' C F; U F; U ey and P'U Q' contains no vertices, and
define p’ € P'Ne;j, ¢ € Q' Ney such that f(p) = f(g"). For &' sufficiently
small, there are points p* € F; N P, g* € F, N Q' with f(p*) = f(g™) and
points p~ € F;NP',q~ € F;N Q' with f(p~) = f(g") such that the distances
from p*, p~ to p’ along P’, and from ¢*, ¢~ to ¢’ along Q', are all &". Then
Apt,q") = A(p~, g7) by the tortilla-tortilla condition. Because p* € F;, p~ €
Fj, q* € Fy,and ¢~ € Fj, by our construction of A we have A = Aji.

o Taco-tortilla constraint (i, j, k, k): Fy and crease e;; overlap, so there are points
p € Frand g € ¢;; with f(p) = f(q).Let P’ C P and Q' C P be the 2D circles
centered on p and g, respectively, with radii ¢ chosen sufficiently small such that
P’ C Fyand Q' C F; U F; Ue;jand P’ U Q' contains no vertices, and define p’ €
P',q" € Q' Nejjsuchthat f(p') = f(g'). Fore’ sufficiently small there are points
gt e FNQ,q € F;NQ,p* e KNP with f(g*) = f(g™) = f(p*) such
that the distances from p* to p’ along P’, and from g*, g~ to ¢’ along Q', are all
£. ThenA(g*, p*) = A(g~, p*) by the taco-tortilla condition. Because g* € F;,

€ Fj,and p* € Fy, by our construction of A we have Ajx = A ji.

o Taco-tortilla constraint (i, j, k, [): Creases e;;, ey overlap, so there are points
g € ejjand p € ey with f(p) = f(g).Let P’ C P and Q' C P be the 2D circles
centered on p and g, respectively, with radii & chosen sufficiently small such that
Q' CF,UF;Ue¢;jand P' C F U F;Uey and P' U Q' contains no vertices, and
define p’' € P'Ney, q' € Q' Ne;; such that f(p') = f(g'). For & sufficiently
small, there are points g* € F; N Q',q~ € F; N Q', p* € F, N P'with f(¢*) =
f(g™) = f(p*) such that the distances from p* to p’ along P’, and fromg*, g~
to ¢’ along Q', are all ¢'. By the taco-tortilla condition, A(p*, g™") = A(p~, ¢ 7).
Because p* € F;,p~ € Fi,andq“' € F, by our construction of A we have Ajx =
Aji.




BRANCHES OF MATH™

Linear Ditferential

Calculus algebra equations

Discrete Optimizatio Abstract
math n algebra

*greatly simplified, these are based on common undergraduate math
courses



CALCULUS

Lowkey can’t think of any direct
connections, but calculus is the
foundation of the rest of the fields




CALCULUS +
DIFFERENTIAL
EQUATIONS

« Core to engineering, mechanics of
materials, dynamics

« Paper can be modelled as a
membrane/plate-like solid

- Differential geometry: curved crease

folding
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LINEAR ALGEBRA

« Quaternions and rotation matrices

Useful for rendering folded states in
2D and 3D

« 3D Kawasaki’s theorem
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DISCRETE MATH

* Graph theory: literally anything to do
with crease patterns

« Also anything to do with trees

« Combinatorics: enumeration/brute
force generation of folds

« Logic: layer ordering, global flat
foldability (self intersection)




OPTIMIZATION

Most origami design problems can be
formulated as optimization

« Constrained non-linear optimization:
TreeMaker, pure circle packing

+ Mixed-integer optimization: box
pleating and 22.5 (stay tuned for
Sunday ¢« )




ABSTRACT ALGEBRA

« Algebra over fields

Ex: binary folded/unfolded creases
can be expressed as GF(2)

« 22.5 as a quadratic field extensior
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OTHER TOPICS
(PREVIEW OF 22.5
TALK)

Boolean satisfiability (SAT)

Mixed Integer Linear Programming
(MILP)

Linear algebra, computational geometry
Spectral graph theory
Heat transfer

Facebook Al Similarity Search (FAISS)
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o Tortilla-tortilla constraint (i, j, k, [): Creases ¢;;, ey overlap, so there are points
p € eijandq € ey with f(p) = f(q).Let P’ C P and Q' C P be the 2D circles
centered on p and g, respectively, with radii & chosen sufficiently small such that
P'C F;UF;jUe¢;;and Q' C F; U F; U ¢y and P’ U Q' contains no vertices, and
define p’ € P'Ne;j, ' € Q' Ney such that f(p') = f(g'). For &’ sufficiently
small, there are points p™ € F;,N P’, q* € F, N Q" with f(p*) = f(¢g") and
points p~ € F; N P',q~ € F;N Q' with f(p~) = f(g™) such that the distances
from p*, p~ to p’ along P’, and from g*, g~ to ¢’ along Q’, are all ¢'. Then
A(pt,q") = A(p~, g ") by the tortilla-tortilla condition. Because p* € F;, p~ €

/ = Fi,q" € Fy,and ¢~ € F;, by our construction of A we have A;; = Aj.

% = e Taco-tortilla constraint (i, j, k, k): Fy and crease e;; overlap, so there are points
p € Frand g € e;; with f(p) = f(g).Let P' C P and Q" C P be the 2D circles
centered on p and g, respectively, with radii & chosen sufficiently small such that
P' C Frand Q' C F; U F; Ue;; and P’ U Q' contains no vertices, and define p’ €
P',q" € Q" Ne;jsuchthat f(p') = f(q'). For &' sufficiently small there are points
gte F;NQ,q e F;NQ',p" € FrN P with f(g*) = f(g™) = f(p*)such
that the distances from p* to p’ along P’, and from g™, ¢~ to ¢ along Q’, are all
¢'. ThenA(g™, p*) = A(g~, p™) by the taco-tortilla condition. Because g* € F;,
q~ € Fj,and p* € Fy, by our construction of A we have Ajx = A j;.

e Taco-tortilla constraint (i, j, k, [): Creases e¢;;, ex; overlap, so there are points
g € e;jand p € ey with f(p) = f(g).Let P’ C P and Q' C P be the 2D circles
centered on p and g, respectively, with radii ¢ chosen sufficiently small such that | ZL{HIENEEIRGENT N
Q'C F;UF;Ue;jand P’ C F; U F; U e and P’ U Q' contains no vertices, and
define p’ € P'Ney, q' € Q' Ne;j such that f(p') = f(q'). For &’ sufficiently
small, there are pointsg* € F; N Q',q~ € F; N Q', p* € F, N P'with f(g") =
f(g7) = f(p") such that the distances from p* to p’ along P’, and from g™, g~
to ¢’ along Q’', are all ¢'. By the taco-tortilla condition, A(p*,g") = A(p~, ¢ 7).
Because p* € F;, p~ € Fj,andq" € F,by our construction of A we have A;; =
A
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A BRIDGE GOES BOTH WAYS

Math -> Origami Origami -> Math
» Bring math nerds into origami by

« Teach math to origami nerds by
applying concepts they are interested in

motivating/contextualizing with origami

SMITHGROUP
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EXAMPLE LESSON

What makes this more compelling than a typical math lesson?

How could this get a math student interested in origami?
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UNPACKING
THE MATH OF
TREEMAKER

Brandon Wong
CFC6, Ann Arbor




Background

Treemaker has been around for
around 20 years, yet very few
users know how it works
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Are you familiar with Treemaker (or BP Studio's auto-
packing feature)?

Yes, and | could explain the math of how it works 2votes 6% g ﬂ [\ Q
BuyJ

' I know what it does/how to use it, but idk how it
| works

23 votes 74%

Subject ase Model

Never heard of it/no familiarity 6votes 19%

31votes + Poll closed

Poll conducted in Origami-Dan (mostly young advanced folders)




Problem formulation

Tree -> optimization problem
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Choose T1,Y1,%2,Y2,.--,0 to maximize O

subject to the following inequalities:

oLy < /(x2 —21)% + (Y2 — 1)?
oLz < V(w3 —21)% + (ys — 11)?

oL14 < V/(za — 1) + (y4 — y1)?




Choose ¥ to maximize O

subject to the following inequalities:

oLi2 < \/(:1:2 — :1:1)2 + (y:z - ’!/1)2

oL1s < V(w3 —21)? + (ys — y1)?

oLy < V(rs—21)2 + (ya — 11)?

where T =




Choose ¥ to minimize —©

subject to the following inequalities:

oLi2 < \/(:1:2 — :1:1)2 + (y:z - ’!/1)2

oL1s < V(w3 —21)? + (ys — y1)?

oLy < V(rs—21)2 + (ya — 11)?

where T =




(21 ]
Choose Z to minimize f(Z) n
o
subject to the following inequalities: where 7 = |,
oL12 < V/(z2 — 21)2 + (y2 — 11)? ;
oL13 < /(23 — 1) + (y3 — y1)? .
where f(Z) = —0o

oLi4 < \/(154 —21)% + (Y4 — 11)?
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min f(7) :
’ i)
s.t. where ¥ = s
oLy < /(x2 —21)% + (Y2 — 11)? :
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To
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0L1,2 - \/(5112 — :1:1)2 + ('yz — 291)2 <0
oLis— /(23— x1)2+ (y3 —y1)2 <0
oLya— v/ (zs—21)2 + (ya —y1)2 <0 where f(Z) = —o




where ¥ = Yo

8y

where f(

)= —0



Solve using
open-source
solver library

Optimization problem Optimal position vector

Reconstruct packing



min f(Z)
L

1. Single-variable optimization
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2. Multi-variable optimization











































3. Constrained optimization
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Putting it all together

Tree -> optimization problem -> optimal packing
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(End of lesson)
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o Tortilla-tortilla constraint (i, j, k, I): Creases e;;, ey overlap, so there are points
p €eijandq € ey with f(p) = f(g).Let P’ C P and Q' C P be the 2D circles
centered on p and g, respectively, with radii & chosen sufficiently small such that
P'C F;UF;Ue;jjand Q' C F; UF;Uey and P'U Q' contains no vertices, and
define p’ € P'Ne;j, g’ € Q' Ney such that f(p') = f(g). For & sufficiently
small, there are points p* € F; N P, g* € F, N Q' with f(p*) = f(g*) and
points p~ € F; N P',q~ € F;N Q' with f(p~) = f(g") such that the distances
from p*, p~ to p’ along P’, and from ¢*, ¢~ to ¢’ along Q', are all ¢'. Then
A(pt,q") = A(p~, g7) by the tortilla-tortilla condition. Because p* € F;, p~ €
Fj, q" € Fr,and ¢~ € F, by our construction of A we have A = Aji.

o Taco-tortilla constraint (i, j, k, k): Fy and crease e;; overlap, so there are points

p € Frandq € ¢;; with f(p) = f(q).Let P’ C P and Q' C P be the 2D circles

centered on p and g, respectively, with radii ¢ chosen sufficiently small such that

P' C Frand Q' C F; U F; Ue;;and P’ U Q' contains no vertices, and define p’ €

P',q' € Q' Nejjsuchthat f(p') = f(g'). For¢' sufficiently small there are points

gt €F,NQ,q" € F;NQ,p* e F,N P with f(g*) = f(g") = f(p*) such

that the distances from p* to p" along P’, and from g*, ¢~ to ¢’ along Q’, are all

&'. Then A(g*, p*) = A(g™, p™) by the taco-tortilla condition. Because ¢* € F;,

€ Fj,and p* € Fy, by our construction of A we have Ay = A ji.

Taco-tortilla constraint (i, j, k, [): Creases e;;, ey overlap, so there are points

q € ejjand p € ey with f(p) = f(g).Let P’ C P and Q' C P be the 2D circles

centered on p and g, respectively, with radii & chosen sufficiently small such that

Q' CF,UF;Ue;jand P' C F U F;Uey and P' U Q' contains no vertices, and

define p' € P'Ney, q' € Q' Ne;; such that f(p') = f(g). For & sufficiently

small, there are points g* € F; N Q',q~ € F; N Q', p* € F, N P’ with f(¢*) =
f(g™) = f(p*) such that the distances from p* to p’ along P’, and from g*, g~

to ¢’ along Q', are all &'. By the taco-tortilla condition, A(p*, ¢*) = A(p~, ¢ 7).

Because p* € F;, p~ € Fj,andg" € Fy, by our construction of A we have Ay =

Aji.
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Academia

« Tortilla-tortilla constraint (i, j, k, 1): Creases ei;, e overlap, so there are points
P €e;andq € ey with £(p) = f(g).Let P' C Pand Q' C P be the 2D circles
centered on p and g, respectively, with radii & chosen sufficiently small such that
P'C F;UF;Ue;and Q' C Fy UF,Uey and P’ U Q' contains no vertices, and
define p' € P'Ne,;. q' € Q' Ney such that f(p') = f(g"). For ¢’ sufficiently
small, there are points p* € F; N P', ¢* € F,N Q' with £(p*) = f(g*) and
points p~ € F; N P',q~ € Fr 0 Q' with f(p~) = f(q~) such that the distances
from p*, p~ 10 p’ along P, and from q*,q" to ¢’ along Q', are all . Then
AMp*.q*) = M(p~,q7) by the tortilla-tortilla condition. Because p* & F;, p~ €
Fj.q" € Fi,and g~ € Fy, by our construction of A we have Ay = Aji.
T: il int (i, j, k, k): Fi and overlap, so there are points
p € Feandg € e with f(p) = f(q). Let P' C P and Q' C P be the 2D circles
centered on p and g, respectively, with radii & chosen sufficiently small such that
P'C Fand Q' C F;UF; Ue,; and P'U Q' contains no vertices, and define p’ €
P',q' € Q' Neysuchthat £(p') = £(g"). Fore sufficiently small there are points
gt €F,NQ.q" € F;N Q' p* € KNP with f(g*) = f(g7) = f(p*) such
that the distances from p* 10 p’ along P', and from g*, ¢~ o ¢’ along Q', are all
€. Then A(g*, p*) = A(g~, p*) by the taco-tortlla condition. Because g* € Fi,
g~ € Fjand p* € Fy, by our construction of A we have Ay = Ay
« Taco-tortilla constraint (i, j, k,1): Creases e;, e overlap, so there are points
g € eyjand p € ey with f(p) = f(q).Let P' C Pand Q' C P be the 2D circles
centered on p and g, respectively, with radii & chosen sufficiently small such that
Q' CFRUF;Ue;and P' C F,UF,Ueyand P'U Q' contains no vertices, and
define p' € P'Ney, ¢' € Q' Ney; such that f(p') = £(g). For ¢’ sufficiently
small, there are points ¢* € F; N Q'.q~ € F; N Q', p* € F N P’ with f(q*
£(@™) = f(p*) such that the distances from p* 10 p’ along P', and from ¢ *, ¢~
104’ along Q', are all ¢'. By the taco-tortlla condition, A(p*, g*) = A(p~, 7).
Because p* € Fi, p~ € Fj,and g™ € Fi, by our construction of A we have A =
i

\%4
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My personal journey as a math student + origami nerd

NS <

Some things I folded at age 11

B
A . My origami design notebook, age

i : 15
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IF MORE TIME TO WORK ON PRESENTATION

« Update the 2d gradient descent: red/blue color by z. implement sgd/momentum.

« Also animate gradient descent on the constrained case

- For easier debugging, separate the optimization from the animation. Run the optimizer, save
results as json, see if it looks good, then animate.

» add captions/titles to the animations




a

@ optimization.py M

aints2.mp4 cfc_math > @ optimization.py > ...
class GradientDescentConstraints(ThreeDSlide):
def construct(self):

self.play(Create(axes), Create(xy_constraints), Create(surface_base))
self.begin_ambient_camera_rotation(rate=0.1)
self.next_slide()

h Eiois)

wall_style = {"u_range": [0, TAU]l, "v_range": [0, h], "resolution":
(30, 2), "color": RED, "stroke_width": 0.5, "checkerboard_colors":
[RED, RED_E]}

roof_style = {"v_range": [0, TAU]l, "resolution": (5, 30), "color":
RED, "stroke width": 0.5, "checkerboard colors": [RED, RED_E]}

w_inl = Surface(lambda th, z: axes.c2p(2 + np.cos(th), 1 + np.sin
(th), z), fill_opacity=0.6, *iwall_style)

r_inl = Surface(lambda r, th: axes.c2p(2 + r*np.cos(th), 1 + r¥np.sin
(th), h), u_range=[0, 1], fill_opacity=0.6, *xroof_style)

w_in2 Surface(lambda th, z: axes.c2p(-1.5 np.cos(th), np.sin
(th), z), fill_opacity=0.6, *+wall_style)

r_in2 = Surface(lambda r, th: axes.c2p(-1.5 + rknp.cos(th), r+np.sin
(th), h), u_range=[0, 11, fill_opacity=0.6, roof_style)

w_out = Surface(lambda th, z: axes.c2p(4.9+np.cos(th), 4.9+np.sin
(th), z), fill_opacity=0.2, *+wall_style)

r_out Surface(lambda r, th: axes.c2p(r#np.cos(th), r+np.sin(th),
h), u_range=[4.9, 7.0]1, fill_opacity=0.2, roof_style)

:02/0:08 hard_walls = VGroup(w_inl, r_inl, w_in2, r_in2, w_out, r_out)

w W w

self.play(
FadeIn(hard_walls),
self.camera.phi_tracker.animate.set_value(45 DEGREES ),
self.camera.zoom_tracker.animate.set_value(0.7),

How I made this presentation and e

)

previous math videos “ et mext_sLide)

w W

surface_plateaus = Surface(
lambda r, theta: axes.c2p(r # np.cos(theta), r # np.sin(theta),

X fgmaint Q1v1r ®oAo0 &8 2.81MB
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